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Consider a decision maker who is responsible to dynamically col-
lect observations so as to enhance his information about an underly-
ing phenomena of interest in a speedy manner while accounting for
the penalty of wrong declaration. Due to the sequential nature of the
problem, the decision maker relies on his current information state
to adaptively select the most “informative” sensing action among the
available ones.

In this paper, using results in dynamic programming, lower bounds
for the optimal total cost are established. The lower bounds charac-
terize the fundamental limits on the maximum achievable information
acquisition rate and the optimal reliability. Moreover, upper bounds
are obtained via an analysis of two heuristic policies for dynamic se-
lection of actions. It is shown that the first proposed heuristic achieves
asymptotic optimality, where the notion of asymptotic optimality,
due to Chernoff, implies that the relative difference between the to-
tal cost achieved by the proposed policy and the optimal total cost
approaches zero as the penalty of wrong declaration (hence the num-
ber of collected samples) increases. The second heuristic is shown to
achieve asymptotic optimality only in a limited setting such as the
problem of a noisy dynamic search. However, by considering the de-
pendency on the number of hypotheses, under a technical condition,
this second heuristic is shown to achieve a nonzero information acqui-
sition rate, establishing a lower bound for the maximum achievable
rate and error exponent. In the case of a noisy dynamic search with
size-independent noise, the obtained nonzero rate and error exponent
are shown to be maximum.
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2 M. NAGHSHVAR AND T. JAVIDI

1. Introduction. This paper considers a generalization of the classical
sequential hypothesis testing problem due to Wald [58]. Suppose there are
M hypotheses among which only one is true. A Bayesian decision maker
is responsible to enhance his information about the correct hypothesis in
a speedy and sequential manner while accounting for the penalty of wrong
declaration. In contrast to the classical sequential M-ary hypothesis testing
problem [2, 22, 39], our decision maker can choose one of K available actions
and, hence, exert some control over the collected samples’ “information con-
tent.” We refer to this generalization, originally tackled by Chernoff [17], as
the active sequential hypothesis testing problem.

The active sequential hypothesis testing problem naturally arises in a
broad spectrum of applications such as medical diagnosis [6], cognition [54],
sensor management [27], underwater inspection [28], generalized search [48],
group testing [16] and channel coding with perfect feedback [12]. It is intu-
itive that at any time instant, an optimized Bayesian decision maker relies
on his current belief to adaptively select the most “informative” sensing ac-
tion, that is, an action that provides the highest amount of “information.”
Making this intuition precise is the topic of our study.

The most well-known instance of our problem is the case of binary hypoth-
esis testing with passive sensing (M =2, K = 1), first studied by Wald [58].
In this instance of the problem, the optimal action at any given time is
provided by a sequential probability ratio test (SPRT). There are numer-
ous studies on the generalizations to M >2 (K = 1) and the performance
of known simple and practical heuristic tests such as MSPRT [2, 22, 39].
The generalization to the active testing case was considered by Chernoff
in [17] where a heuristic randomized policy was proposed and whose asymp-
totic performance was analyzed. More specifically, under a certain technical
assumption on uniformly distinguishable hypotheses, the proposed heuristic
policy is shown to achieve asymptotic optimality where the notion of asymp-
totic optimality [17] denotes the relative tightness of the performance upper
bound associated with the proposed policy and the lower bound associated
with the optimal policy.

The problem of active hypothesis testing also generalizes another classic
problem in the literature: the comparison of experiments first introduced
by Blackwell [9]. This is a single-shot version of the active hypothesis test-
ing problem in which the decision maker can choose one of several (usu-
ally two) actions/experiments to collect a single observation sample before
making the final decision. There have been extensive studies [9, 21, 24, 35—
37, 57] on comparing the actions. Applying various results from [9, 21] in our
context of active hypothesis testing and utilizing a dynamic programming
interpretation, a notion of optimal information utility, that is, an optimal
measure to quantify the information gained by different sensing actions,
can be derived [43]. Inspired by this view of the problem, which coincides
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with that promoted by DeGroot [20], we provide a set of (uniform) lower
bounds for the optimal information utility. Furthermore, we provide two
heuristic policies whose performance is investigated via nonasymptotic and
asymptotic analysis. The first policy is shown to be asymptotically optimal,
matching the performance of the scheme proposed in [17] (and follow-up
works [8, 11]), and provides a benchmark for comparison when considering
Chernoff’s asymptotic regime. In contrast, our second proposed policy is
only shown to be asymptotically optimal in a limited setup, including that
of noisy dynamic search. However, this policy has a provable advantage for
large M over those proposed in the literature. More specifically, this policy
can provide, under a technical condition, reliability and speedy declaration
simultaneously. In information theoretic terms, this policy can be shown
to achieve nonzero information acquisition rate and, hence, to generalize
Burnashev’s [12] variable-length channel coding scheme. We elaborate on a
complete literature survey in Section 2.2.

The remainder of this paper is organized as follows. In Section 2 we formu-
late the active sequential hypothesis testing problem and discuss the related
works. Section 3 provides a dynamic programming formulation and charac-
terizes a notion of optimal information utility. In Section 4 we provide three
lower bounds and two upper bounds on the optimal information utility. The
bounds are nonasymptotic and complementary for various values of the pa-
rameters of the problem. Section 5 states the asymptotic consequence of the
bounds obtained in Section 4. In particular, the obtained bounds are used
to establish notions of order and asymptotic optimality for the proposed
policies (generalizing that of [17]); and characterize lower and upper bounds
on the maximum achievable information acquisition rate and the optimal re-
liability. In Section 6 we investigate an important special case of the active
hypothesis testing, namely, the noisy dynamic search. In Section 7 we dis-
cuss the technical assumptions made in our work and contrast them with the
(weaker) assumptions in the literature. More specifically, we show that our
first technical assumption weakens significantly one of the assumptions made
in [17]. On the other hand, our second technical assumption is significantly
stronger than the corresponding assumptions in the literature. However, we
show that while this assumption is critical in obtaining the nonasymptotic
lower and upper bounds of Section 4, it has no bearing on our asymptotic
results in Section 5. Finally, we conclude the paper and discuss future work
in Section 8. In the interest of brevity, we have chosen to focus our analysis,
provided in the Appendix, on Theorems 1-3, whose results, to the best of
our knowledge, are entirely new and whose proofs require a substantially
different approach than those commonly available in the literature. In con-
trast, the proofs of Propositions 1-4 as well as Corollaries 1, 3, 5-7 follow
similar lines of argument to the proofs in the literature or in those obtained
in the Appendix and are included in the form of a supplemental article [44].
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Notation: Let [2]* = max{z,0}. The indicator function 14y takes the
value 1 whenever event A occurs, and 0 otherwise. For any set S, |S| denotes
the cardinality of S. All logarithms are in base 2. The entropy function on
a vector p = [p1,p2,...,pM] € [O 1JM is defined as H(p) = ZZ lpllogp ,
with the convention that Olog# = 0. Finally, the Kullback-Leibler (KL)
divergence between two probablhty densmy functions ¢(-) and ¢(+) on space

Z is defined as D(qll¢") = [z q(z )) dz, with the convention Olog 5 =0
and blog 2 = oo for a,b € [0, 1] Wlth b7é 0.

2. Problem setup and summary of the results. In Section 2.1 we for-
mulate the problem of active sequential hypothesis testing, referred to as
Problem (P) hereafter. Section 2.2 states the main contributions of the pa-
per and provides a summary of related works.

2.1. Problem formulation. Here, we provide a precise formulation of our
problem.

PrROBLEM (P) (Active sequential hypothesis testing). Let Q5 = {1,2,

., M}. Let H;, i € Qpr, denote M hypotheses of interest among which
only one holds true. Let 6 be the random variable that takes the value
0 =1 on the event that H; is true for i € Qy;. We consider a Bayesian
scenario with prior p(0) = [p1(0), p2(0),...,par(0)], that is, initially P(6 =
i) = p;(0) > 0 for all i € Qyps. Aps is the set of all sensing actions which
may depend on M and is assumed to be finite with |Ays| < oo. Let P(Ap)
denote the collection of all probability distributions on elements of Ay, that
is, P(Anr) = {A € [0, 1]An] 1D aedy Na =1} Z is the observation space. For
all a € Ay, the observation kernel ¢f(-) (on Z) is the probability density
function for observation Z when action a is taken and H; is true. We assume
that observation kernels {¢{'(-)}icq,,,acA, are known and the observations
are conditionally independent over time. Let L denote the penalty (loss) for
a wrong declaration, that is, the penalty of selecting H;, j # ¢, when H; is
true.? Let 7 be the stopping time at which the decision maker retires. The
objective is to find a sequence of sensing actions A(0), A(1),..., A(r —1),3
a stopping time 7 and a declaration rule d: A}, x Z™ — Q) that collectively
minimize the expected total cost

(1) E[r] + L Pe,

2In general, we can define a loss matrix [Li;]i,jeq,,, where L;; denotes the penalty
(loss) of selecting H; when H; is true.

%We assume that A(t) is selected as a (possibly randomized) function of A~ :=
[A(0), A(1),...,A(t — 1)] and Z{™':=[2(0),Z(1),...,Z(t — 1)], that is, sensing actions
and observations up to time ¢.
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where Pe = P(d(Aj ", Z{ ') # 6) denotes the probability of making a wrong
declaration, and the expectation is taken with respect to the initial prior
distribution p(0) on 6 as well as the distributions of action sequence, obser-
vation sequence and the stopping time.

2.2. Owverview of the results and summary of the related works. The first
attempt to solve Problem (P) goes back to Chernoff’s work on active binary
composite hypothesis testing [17]. Chernoff proposed the following scheme to
select actions: at each time ¢, find the most likely true hypothesis, and then
select an action that can discriminate this hypothesis the best from each and
every element in the set corresponding to the alternative hypothesis. Much
of the subsequent literature extended this approach [1, 8, 11, 31, 32, 34, 47].
Chernoff showed that as L goes to infinity, the relative difference between
the expected total cost achieved by his proposed scheme and the optimal
expected total cost approaches zero, which he termed as asymptotic optimal-
ity.* One of the main drawbacks of Chernoff’s asymptotic optimality notion
was his neglecting the complementary role of asymptotic analysis in M. In
particular, the notion of asymptotic optimality in L falls short in showing
the tension between using an (asymptotically) large number of samples to
discriminate among a few hypotheses with (asymptotically) high accuracy
or an (asymptotically) large number of hypotheses with a lower degree of
accuracy. As a result, although the scheme proposed in [17] and its subse-
quent extensions [1, 8, 11, 31, 32, 34, 47| are asymptotically optimal in L,
their provable information acquisition rate is restricted to zero. Intuitively,
the rate of information acquisition under any given heuristic relates to the
ratio between log M and the expected number of samples: the larger this
ratio, the faster information is acquired.

As elaborated in Section 5.3, to obtain asymptotic characterization of
the optimal expected total cost in a nonzero rate regime, it is important to
propose schemes which scale optimally with M as well. In his seminal pa-
per [12], Burnashev tackled the primal (constrained) version of Problem (P)
in the context of channel coding with feedback, and provided lower and up-
per bounds on the expected number of samples (or, equivalently, channel
uses) required to convey one of M uniformly distributed messages over a
discrete memoryless channel (DMC) with a desired probability of error. The
lower bound identified the dominating terms in both number of messages and

“In [17], the objective was to minimize cE[r] + Pe and the proposed policy was shown

to be asymptotically optimal as ¢ — 0. It is straightforward to show that for L = 1

this problem coincides with Problem (P) defined in this paper. However, we have chosen
E[7r] + L Pe as an objective function for Problem (P) because of its interpretation as the
Lagrangian relaxation of an information acquisition problem in which the objective is to

minimize E[7] subject to Pe < e, where ¢ > 0 denotes the desired probability of error.
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error probability, hence characterized the optimal reliability function (also
known as the error exponent) in addition to the feedback capacity (which
was known to coincide with the Shannon capacity [53]). In this paper, we
generalize® this lower bound to the problem of active sequential hypothesis
testing, that is, Problem (P):

e We derive three lower bounds on the expected total cost (1). The bounds
hold for all prior beliefs and are nonasymptotic and complementary for
various values of L and M. In Section 5 these bounds are collectively used
to generalize the (information theoretic) notions of achievable communi-
cation rate [18] and error exponent [23] to the context of active sequential
hypothesis testing.

e The first and second lower bounds identify the dominating terms in L
and hence are useful in establishing asymptotic optimality of order-1 (due
to Chernoff [17]) and order-2 in L. Furthermore, from an information
theoretic viewpoint, these bounds are used to characterize an upper bound
on the reliability function (error exponent) at zero rate.

e The third lower bound characterizes the dominating terms of growth in the
optimal expected total cost in terms of L and M simultaneously. We use
this as a converse (in a fashion somewhat similar to Shannon’s channel
coding converse [18]) to derive an upper bound Ij.x on the maximum
achievable information acquisition rate. Additionally, this lower bound
allows us to provide an upper bound on the reliability function (error
exponent) for all rates R € [0, I nax], and establish order optimality in M
as a necessary condition for any policy which achieves nonzero information
acquisition rate.

In addition to a lower bound on an expected number of samples, Bur-
nashev proposed a coding scheme with two phases of operation whose per-
formance provides a tight upper bound (in both number of messages and
error probability). It is interesting to note that the scheme of Chernoff, if
specialized to channel coding with feedback, coincides with the second phase
of Burnashev’s scheme and is of a repetition code nature. This means that
while the first phase of Burnashev’s scheme can achieve any information
rate up to the capacity of the channel, Chernoff’s one-phase scheme has a
rate of information acquisition equal to zero. Inspired by Burnashev’s cod-
ing scheme, we also obtain two heuristic two-phase policies 71 and 79 whose
nonasymptotic analysis in Proposition 2 and Theorem 3 provides two upper
bounds on the optimal performance:

°In [13], Burnashev attempted to tackle the problem of active sequential hypothesis
testing by Chernoff [17]. However, the sensing actions in [13] were allowed to be functions of
the true hypothesis, 8, which, in general, is not observable in the active testing setting [17].
In this sense, [13] only extends Burnashev’s earlier work [12] on variable-length coding over
a discrete memoryless channel (DMC) with feedback to allow for more general channels.
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e Policy 7 is a simple two-phase modification of Chernoff’s scheme in which
testing for the maximum likely hypothesis is delayed and contingent on
obtaining a certain level of confidence. More specifically, in its first phase,
71 selects actions in a way that all pairs of hypotheses can be distin-
guished from each other, while its second phase coincides with Chernoff’s
scheme [17] where only the pairs including the most likely hypothesis are
considered. The second phase of 7; ensures its asymptotic optimality in
L, while its first phase in a very natural manner weakens the technical
assumption in [17] in which all actions are assumed to discriminate be-
tween all hypotheses pairs or the need for the infinitely often reliance on
suboptimal randomized action deployed in [17, 47].

e Policy 72 is only shown to be asymptotically optimal in L under a stronger
condition, which is later shown to be satisfied in the important cases of bi-
nary hypothesis testing and noisy dynamic search in Section 6, however,
with the advantage that here for a fixed M the asymptotic optimality
[17] can be strengthened to a higher order. In particular, in Section 5.1,
we show that when 7o is asymptotically optimal it achieves a bounded
difference with the optimal performance. Furthermore, under a techni-
cal condition, policy 7o can ensure that information acquisition occurs
at a nonzero rate. Mathematically, this means that, under policy 72, the
expected total cost (1) grows in L and M in an order optimal fashion
establishing a lower bound on the maximum achievable information ac-
quisition rate I, < I nax as well as a lower bound on the optimal reliability
function (optimal error exponent) for all rates R € [0, ).

To illustrate contributions of our work as well as highlight the rate—
reliability trade-off, we treat the problem of noisy dynamic search in Sec-
tion 6.2. This problem is of independent and extensive interest, and arises in
a variety of fields from fault detection to whereabouts search to noisy group
testing. We specialize the results obtained in the earlier sections for the
general active hypothesis testing, and discuss our findings in the context of
other solutions in the literature. Particularly, in the case of size-independent
Bernoulli noise, the upper bound corresponding to policy 7y is shown to be
asymptotically tight in both L and M, hence ensuring the maximum acqui-
sition rate and reliability simultaneously, but there is no guarantee on the
tightness of the bounds for general noise models. The potentially growing gap
between the lower and upper bounds obtained here, in particular, underline
the significant complications of acquiring information in the general active
hypothesis testing over that of (variable-length coding with feedback) [13].
For instance, while in the channel coding context the maximum information
rate and reliability are fully known and match that of channel capacity and
error exponent, they remain largely uncharacterized, beyond our bounds
here, even in the practically relevant problem of a noisy dynamic search.
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As briefly discussed in the Introduction, the above results have all been
obtained under an important technical assumption which is stronger than
those commonly made in the literature. However, we will show that this
assumption can be significantly weakened. More precisely, we show that our
original technical assumption can be replaced with one that is weaker, to the
best of our knowledge, than all other assumptions in the literature [1, 8, 11,
12, 32, 39, 47|, and, in particular, subsumes that of [17], to obtain a set of
(nonasymptotic) bounds which are looser than those obtained in Section 4.
On the other hand, these looser (nonasymptotic) bounds are shown to have
similar dominating terms to those obtained in Section 4, and hence ensure
the validity of our asymptotic results in Section 5.

3. Dynamic programming and characterization of an optimal policy. In
this section we first derive the corresponding dynamic programming (DP)
equation for Problem (P). From the DP solution, we characterize an optimal
policy for Problem (P).

The problem of active M-ary hypothesis testing is a partially observable
Markov decision problem (POMDP) where the state is static and observa-
tions are noisy. It is known that any POMDP is equivalent to an MDP with
a compact yet uncountable state space, for which the belief of the decision
maker about the underlying state becomes an information state [33]. In our
setup, thus, the information state at time ¢ is the belief vector p(t) whose
ith element is the conditional probability of hypothesis H; to be true given
the initial belief and all the observations and actions up to time ¢, that is,
pi(t) := P({0 = i}| Ay, Z{™). Accordingly, the information state space is
defined as P(Qu) := {p € [0,1]M: "M p; =1} and the optimal expected
total cost can be defined as follows.

DEFINITION 1. For all p € P(Q2y), let functional V*(p), hereafter re-
ferred to as the optimal value function, denote the optimal expected to-
tal cost (1) of Problem (P) given the Bayesian prior p. In other words,
V*(p) := min{E[r| 4+ L Pe} given the initial belief p, where the minimization
is taken over the stopping time 7, the sequence of actions and observations,
and the declaration rule.

A general approach to solving Problem (P) is to provide a functional
characterization of V*: given V* in its functional form, the optimal expected
total cost for Problem (P) can be obtained by a simple evaluation of V* at
the initial belief p(0). Next we state a dynamic programming equation which
characterizes V*.

To obtain the dynamic programming equation, consider a single step of
the problem. In one sensing step, the evolution of the belief vector follows
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Bayes’ rule and is given by ®, a measurable function from P(Q,;) x Z to
P(Qyy) for all a € Ap:

N O 10 9 (2)
(2) PP = ey P ) ga2)

where gg(2) = Zf\il piqi(z), and ®“(p,z) = p if g5(2) = 0. In other words,
if peP(Qy) is an a priori distribution, ®(p,z) gives us the posteriori
distribution when sensing action a has been taken and z has been observed.

We define a Markov operator T?, a € Ay, such that for any measurable
function g:P(Qr) — R,

3) (9)(p) = [ 9(®°(p.2))a(2)

Note that at any given information state p, taking sensing action a € Ay,
followed by the optimal policy results in expected total cost 1+ (T*V*)(p),
where 1 denotes the one unit of time spent to take the sensing action and
collect the corresponding observation sample, and (T*V*)(p) is the expected
value of V* on the space of posterior beliefs; while declaration j results in
expected cost (1—p;)L where (1—p;) is the probability that hypothesis H; is
not true, and L is the penalty of making a wrong declaration. This intuition,
while relying on the compactness of P(27) to treat various measurability
issues, can be formalized in the following dynamic programming equation.

9

Fact 1 (Proposition 9.8 in [7]). The optimal value function V* satisfies
the following fixed point equation:

(4) V*(p) = min{1 + min (T°V*)(p), min (1 — pj)L}.

a€ Ay JEQM

DEFINITION 2. A Markov stationary policy is a stochastic kernel from
the information state space P(Qpr) to Aps U{d} describing the conditional
distribution on sensing actions A(t), t =0,1,...,7 — 1 and stopping time
7 (the choice of declaration d marks the stopping time 7). In other words,
under policy 7, the probability that action a is selected at belief state p is
given by m(a|p).

As shown in Corollary 9.12.1 in [7], equation (4) provides a characteriza-
tion of an optimal Markov stationary deterministic policy 7* for Problem (P)
as follows: sensing action a* = argminge4,,(T*V*)(p) is the least costly
sensing action, resulting in 1+ minge 4,,(T*V*)(p), hence is the optimal ac-
tion to take unless wrongly declaring H;-, where i* = argmin;cq,, (1 —p;)L,
is even less costly, in which case it is optimal to retire and declare H;+ as
the true hypothesis.
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REMARK 1. It follows from (4) that if minjeq,, (1 — p;)L <1, then we
have a full characterization of V*(p) =minjcq,,(1 — p;)L and the optimal
policy. Therefore, the region of interest in our analysis is restricted to L > 1
and Pr, () :={p € P(Q) :minjcq,, (1 — p;)L > 1}.

Before we close this section, we provide the following lemma.

LEMMA 1. Suppose there exist >0 and a functional V :P(Qp) — R4
such that for all belief vectors p € P(Qar),

V(p) <min{B+ min (TV)(p), min (1 - p;)BL}.

Then V*(p) > 5V (p) for all p e P(Qpr).

mh—‘

The proof is provided in the supplemental article [44], Section 1.

4. Performance bounds. In lieu of numerical approximation of or deriva-
tion of a closed form for V*, in Section 4.1 we use Lemma 1 to find lower
bounds for the value function V*. In Section 4.2 we analyze two heuristic
schemes to achieve upper bounds for V*.

We have the following technical assumptions:

AssuMPTION 1. For any two hypotheses i, j € Qas, 1 # 7, there exists an
action a, a € Ay, such that D(gf|[¢}) > 0.

ASSUMPTION 2. There exists £y < 0o such that

g;(2)
max max suplog <&
1,J€QM a€AM zeZ q; “(2)

Assumption 1 ensures the possibility of discrimination between any two
hypotheses, hence ensuring Problem (P) has a meaningful solution. Assump-
tion 2 implies that no two hypotheses are fully distinguishable using a sin-
gle observation sample. Assumption 2 is a technical one which enables our
nonasymptotic characterizations, however, in Section 7 we discuss the con-
sequence of weakening this assumption in detail.

4.1. Lower bounds for V*.

THEOREM 1. Under Assumption 1 and for L>1 and p € Pr(Qu),
+

)

log (1-L7YH/L=1 - log(pi/pj) /
* ’L _K
V*(p) > Zp maxeey, D(q1lq?) '

where K/ is a constant independent of L whose closed form is given in the
supplemental article [44], equation (144).
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The proof of Theorem 1 is provided in Appendix.
Following Chernoff’s approach (Theorem 2 in [17]), and for large values
of L, the lower bound can be tightened as follows:

PROPOSITION 1.  Under Assumptions 1 and 2, and for L > 1, p € Pr(Qpy),
and arbitrary 6 € (0,1),

V*(p) > i , [(1—6)log(L/(K" log2L)) — max;;log(pi/p;)| T

T maxaep(Ay) M D e 4, AaD(aflgf) +0

oM (K'log2L/L)’\  Me2, |
x (11— — ,
pi 62

where K' is a constant independent of 6 and L whose closed form is given
in the supplemental article [44], equation (81).

The proof of Proposition 1 is provided in the supplemental article [44],
Section 5.1.

Next we provide another lower bound which is more appropriate for large
values of M. Let I(p;q;) = H(p) — (T*H)(p) denote the mutual informa-
tion between 6 ~ p and observation Z under action a. Let Dpyax(M) :=
max; jeQ,, MaXgc A,, D(Q?Hqgl)a Imax(M) = MaXae Ay, ma‘xf)GP(Q]\/j) I(ﬁ7 qg)v

M—
and CM(L,M) = m.

THEOREM 2. Under Assumption 1 and for L>1 and p € Pr,(Qur),

H(p)— H([a(L,M),1 —a(L,M)]) — (L, M)log(M — 1)
Inax(M)

Vi(p) =
N
+a(L, ML

Furthermore, under Assumptions 1 and 2, and for L > max{1, Ir:i (]‘]\44)} and
arbitrary ¢ € (0,0.5],

Vi(p) = Va(p)
H(p) — H([0,1 —0]) — dlog(M —1)

Imax(M)
ﬁ_bgﬂl-L’W/L’W-—bgﬁl—-®/5)—£M
Dmax(M)

Jr
/
X l{maxiEQM pi<1l=6} — KQ s
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where K is a constant independent of 6 and L whose closed form is given
in the supplemental article [44], equation (151).9

The proof of Theorem 2 is provided in Appendix.

Theorem 2 can be used to show that when L < I (M) Problem (P)
will have a trivial solution. The precise statement is glven by the following
corollary.

COROLLARY 1. Let L < 1 (M)
a uniform prior belief about the hypotheses. For sufficiently large M, the
optimal policy randomly guesses the true hypothesis without collecting any
observation, hence, Pe, the probability of making a wrong declaration, ap-
proaches 1 — ﬁ

and suppose the decision maker has

The proof of Corollary 1 is provided in the supplemental article [44],
Section 2.1.

REMARK 2. The lower bounds in Theorems 1 and 2 can be explained
by the following intuition: for any measure of uncertainty U :P(Qy) — R,
the number of samples required to reduce the uncertainty down to a target

U(P(O))*(lejcz;rget

level Utarget has to be at least —=x , where A ax(U) is the maximum

max

amount of reduction in U associated with a single sample, that is, Ay (U) =
maxge A, MaX,ep,)1U(P) — (T*U)(p)}. The lower bound in Theorem 1 is
associated with such a lower bound when taking U to be the log-likelihood
function, while the lower bound in Theorem 2 is associated with setting U
to be the Shannon entropy.

4.2. Upper bounds for V*. Next we propose two Markov policies 71 and
79. Policies 1 and 79 have two operational phases. Phase 1 is the phase in
which the belief about all hypotheses is below a certain threshold, while in
phase 2, the belief about one of the hypotheses has passed that threshold
and actions are selected in favor of that particular hypothesis. The difference
between the two policies is in the actions they take in each phase.

First we describe policy 71. Let pg and p;, i € Qps, be vectors in P(Apy)
such that

Mo := argmax min min AaD(q}q}),
AEP(Ay) 1€2M 7 a€Anr

;== arg max min Z AaD(i'llq7) Vie Q.
AeP(Ay) I70 T

6As it will be discussed in Section 5.2, K4 can be selected independent of M as well if
sup,, Em < 00.
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Moreover, let poq and p;, denote elements of p, and p; corresponding to
a € Ay, respectively. Consider a threshold p, p > % Markov (randomized)
policy 7 is defined as follows:”

o If p;>1— L~ ! retire and select H; as the true hypothesis.
o If p;c[p,1— L1, then

— mi(alp) = pia Ya € Apr.
o If p; <min{p,1— Lil} for all ¢ € Qys, then

— 71(alp) = poa Va € Ay

In [17], Chernoff proposed a policy that, at each time ¢, selects action a
with probability ji;+q, where i* = arg max;cq,, pi(t) denotes the most likely
true hypothesis. In other words, 71 coincides with Chernoff’s scheme in its
second phase and ensures its asymptotic optimality in L, while its first phase
in a very natural manner relaxes the technical assumption in [17] where all
actions were required to discriminate between all hypotheses pairs. Following
Chernoff’s approach (Theorem 1 in [17]), we can analyze the performance
of policy 71 and obtain the following upper bound for V*.

For notational simplicity, let

I, (M) := min min zA: noaD (g 1a}),
a

log M + 40
MineQ,, Minj2i Y e 4, HiaD(q] [|qf

L(M):= < )>_21u0(M),

Dy, (M) := min > piaD(gfllqd)  Vie Q.

a€EAp

PROPOSITION 2.  Under Assumptions 1 and 2, and for L > 1, p € Pr(Qr),
and arbitrary v € (0,1),

V*(p) < Vi(p)

_ H(p) +log M + log(5/(1 — )) -~ logL
= .00 (1+L)+;p2DM(M)(1+ )

1
* M<2 O L>>5<11<M>/<25M>>4>

— (/401 (M)/(4€3,)
(0 s o)) +2

"Policies 71 and 72 are not unique; they each represent a class of parameterized policies.
In fact, the tilde in 7; and 72 has been chosen to emphasize the dependency of these
policies on the threshold/parameter p.
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The proof is based on a performance analysis of policy 71 and is provided
in the supplemental article [44], Section 5.2.
Next we describe policy 7. Let ny and n;, i € Qpr, be vectors in P(Apy)
such that
p] a)

7y = argmax min  min Z A D<qZ
P] C}) Vi€ Q.

1€Qn peEPL(Q
A€P(An) () #Z

7, = argmax min Z A D(ql
AEP(Any) PEPL(Q0)

J#Z

Moreover, let ng, and 7, denote elements of 1, and n; corresponding to

a € Ay, respectively. Consider a threshold p, p > % Markov (randomized)

policy 79 is defined as follows:

o If p;>1— L7! retire and select H; as the true hypothesis.
o If p;c[p,1— L1, then

— Ta(alp) =nia Ya € Ay
o If p; <min{p,1 — L~} for all i € Qyy, then

- ma(alp) =ma Va € Ay

For notational simplicity, let

I, (M) := min min 0
770( ) 1€QMm ﬁGPL(QM)aezA: Toa <QZ

p] a>
J#
p] a)

P] C}) Vi€ Q.

I, 5(M):= min min min
np(M) i€y ki p:pr>p 2 D\ df
a€An

J#Z
I(M):= min{Ino (M), I, ﬁ(M)}v

Dm(M) ‘= min Z Nia <ql

P (Q
PEPL( IW)aEAM

J#Z

THEOREM 3. Under Assumptions 1 and 2, and for L > 1 and any p €
PL(QM);

H(p)+log<ﬁ/<1—ﬁ)>+§M+1oge+§: logL

V*(p) <Va(p) := L(M) p W

+ 1
i=1

The proof is based on a performance analysis of policy 7y and is provided
in the Appendix.

5. Asymptotic analysis and consequences. In this section we state and
discuss the consequence of the bounds obtained in Section 4 in asymptot-
ically large L and M. Note that Table 1 provides a list of the notation
introduced in Section 4.
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TABLE 1
Summary of notation

Notation Description

Tmax (M) maXae Ay MaXper(a,y) (05 03)

Dimax (M) maxi jeQ,, Maxae A, D(gf|qf)

o arg MaXxep(A ) Miic,, Ming2i 30, c 4, AaD(q}'|¢5)

;i arg MaXxep(A ) Minjzi 3, e 4, AaD (a7 [|¢F)

Ty (M) minieoy, Minj2i >, 4, Hoa D (g7 [|q5)

L(M) (i, S e pray) Lo (M)

Dy, (M) mingi Y, 4, HiaD(qi' |lg5)

Mo ATEMAXAEP(A,,) MiNiey, Milper, (4) Do a,, Yo D602 2507
n; arg MaxXaer(A ) Milper, (2) 2oaea,, NaD(@ 12054 ﬁ—jﬁiqq)
Iny (M) minieoy, MiNper, (@) Daea,, MaD (@ 1325, lf—gicf‘)
In5(M) Minieqy Mink Ming: 5,5 ac a,, e D(GE 11, 2 125745)
I2(M) min{ln, (M), In,s(M)}

Dy, (M) Minper, @0 Saeay Na D@ Y 72505

5.1. Order and asymptotic optimality in L. The lower and upper bounds
provided in Section 4 can be applied to establish the order optimality and
asymptotic optimality of the proposed policies as defined below. Let Vi (p)
denote the value function for policy m, that is, the expected total cost
achieved by policy m when the initial belief is p.

DEFINITION 3. For fixed M, policy 7 is referred to as order optimal in
L if for all p e P(Qy),

i Va(P) =V (p)

1.
T Vilp)

DEFINITION 4. For fixed M, policy 7 is referred to as asymptotically
optimal of order-1 in L if for all p € P(Qyy),

i Vr(P) =V (p)

=0.
L—o0 Vﬁ(p)
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DEFINITION 5. For fixed M, policy 7 is referred to as asymptotically
optimal of order-2 in L if for all p € P(Qys), there exists a constant B
independent of L such that

Vz(p) = V*(p) < B.

REMARK 3. It is clear from the definitions above that order optimality is
weaker than asymptotic optimality of order-1, while asymptotic optimality
of order-2 is the strongest notion. The notion of asymptotic optimality of
order-1 was first introduced in [17], which naturally motivates the extension
of higher orders.

The next corollary establishes order and asymptotic optimality of our
proposed policies.

COROLLARY 2. Under Assumptions 1 and 2, policy 71 is asymptotically
optimal of order-1 in L. Furthermore, policy o attains asymptotic optimality
of order-2 in L if

) i D(q}|¢%) = Dy, (M Vi€ Q.
(5) min max D(g;|qj) = Dn, (M) i€ Qu
PrROOF. Using Proposition 1 and by setting § = (log L)~'/3, we obtain
M log L
(6) V*(p) =Y pim—r +O((log L)*?).
iz; D#i (M)
On the other hand, from Proposition 2 and by setting + = (log L)~ /%, we
get
M log L
(7) Vi(p) <Y pimrm +O((log L)**).
Z Dlli (M)

The proof of the first part of the corollary simply follows from Definition 4,
inequality (6) and (7).

Similarly, the proof of the second part of the corollary follows from Defi-
nition 5, Theorems 1 and 3. [

5.2. Order and asymptotic optimality in both L and M. As mentioned
in Section 2.2, one of the main drawbacks of Chernoff’s asymptotic optimal-
ity notion was his neglecting the complementary role of parameter M. In
particular, the notion of asymptotic optimality in L falls short in showing
the tension between using an (asymptotically) large number of samples to
discriminate among a few hypotheses with (asymptotically) high accuracy
or an (asymptotically) large number of hypotheses with a lower degree of
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accuracy. In this section we address this issue by analyzing the bounds when
L and M are both asymptotically large. More specifically, we consider a se-
quence of problems indexed by parameter M in which the set of actions
and observation kernels grow monotonically as M increases, that is, for all
M < M,

(8) Ay C Ay and {qg(')}ieQM,aeAM - {qg(')}iGQM/,aGAM/'

Recall the notation listed in Table 1. Also, let D (M) and Dy(M) denote,
respectively, the harmonic mean of { Dy, (M) }icq,, and { Dy, (M) }icq,,, that
is,

M 1 -1 M 1 -1
9) Di(M)=M —_— Dy(M)=M —_— .

=1 g =1 g
Moreover, let
(10) Tmax := sup Imax (M), Emax := sup Dipax (M),

M M

11 [ —inflyae(M), D i=inf Dy (M),
( ) =max IJI\I/[ & ( ) —=max IJI\I/[ & ( )
(12) L:=inf (M), Dy=inf Dy(M).

By the definition and from (8), Dyax(M) and Iyax(M) are nondecreasing
in M. Furthermore, from Jensen’s inequality,

T (qz

aGAIM pGIP’(QM i—1

M
zﬁjq;)
=1

(13) < max max ZpZZPJ (gi'llq7)

ac Ay pG]P’(QM

< D D M
max max D(gf ||q]) max (M)

and by Assumption 2, we have®

q; (2)
14 D M) < max max suplog =
( ) max( ) ]GQM CLGAM Zeg g q]( )
Similarly, Io(M) < Dy, (M) < Dy, (M) < Dpax (M) < Epr, Vi € Qpy, for all
M. Since Diax(M) and Iyax(M) are nondecreasing in M, we have D, . =

Dmax(2)7 Emax = hmMﬁooDmax(M)y lmax = Imax(2) and Imax =
limM%ooImax(M)-

<&

8Inequality (14) holds true even if Assumption 2 is replaced by a more general assump-
tion such as those suggested in Section 7.
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Furthermore, to ensure that the distance between the observation kernels
remains bounded as M increases (and Diax < 00), we consider the following
assumption:

ASSUMPTION 3. There exists £ < oo such that
sup&ur <&
M

This assumption allows us to specialize Theorem 2 as follows.

COROLLARY 3.  Let p, p; denote a uniform prior on the set of hypothe-
ses Q. Under Assumptions 1, 2 and 3, and for § = m and L >

log M }
’

max{2, Toee (1)

locM —2 log((1—LY)/L71Y) loglog LM + *
Va(punr) > |28 L Jog((L—L77)/L77) _ loglog §—K§ 7
Imax Dmax Qmax

where K is a positive constant independent of L and M.

The proof of Corollary 3 is provided in the supplemental article [44],
Section 2.2.

The next definition extends the notions of order and asymptotic optimal-
ity defined in Section 5.1 to the case where M increases as well.

DEFINITION 6. Policy 7 is referred to as order optimal and asymptoti-
cally optimal of order-1 in L and M if, respectively,’
. Vﬂ(pu,M) - V*(pu,M) . Vﬂ(pu,M) - V*(pu,M)
lim <1, lim

=0.
L,M—00 Vw(p%M) L,M—o00 Vw(p%M)

COROLLARY 4. Under Assumptions 1, 2 and 3, for L > %, and if

Iy >0, policy 7o is order optimal in L and M. Furthermore, if T iax =1,
and Dmax = Dy, policy T2 is asymptotically optimal of order-1 in L and M.

PrOOF. The proof follows from Definition 6, Corollary 3 and Theorem 3.
O

5.3. Information acquisition rate and reliability. In this section we ex-
plain the primal (constrained) version of Problem (P), referred to as Prob-
lem (P’), and use the obtained bounds in Section 4 to extend the (informa-
tion theoretic) notions of achievable communication rate and error exponent
to the context of active sequential hypothesis testing.

9Note that unlike Definitions 3-5 where we considered the performance gap between
policy 7 and the optimal policy 7* for all values of p € P(Qas), here we consider the
performance gap specifically at the uniform vector in the information state space.
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PROBLEM (P’) (Information acquisition problem). Consider a sequence
of active hypothesis testing problems indexed by parameter M (i.e., the
number of hypotheses of interest), action space Ap; and observation ker-
nels {¢(-) }ie,,acA,,: @ Bayesian decision maker with uniform prior belief
p(0) = p,, s is responsible to find the true hypothesis with the objective to

(15) minimize E[7] subject to Pe <e,

where 7 is the stopping time at which the decision maker retires, Pe is the
probability of making a wrong declaration, and € > 0 denotes the desired
probability of error. Furthermore, let the set of actions and observation
kernels grow monotonically as M increases, that is, for all M < M’,

(16) Ay © Ay and {q?(')}ieQM,aeAM c {qg(’)}z‘eQM/,aeAM/'

Let E;[r] and Pe, denote, respectively, the expected stopping time (or,
equivalently, the expected number of collected samples) and the probability
of error under policy 7. Following the notation in [49], we define M, (t,¢) as
the maximum number of hypotheses among which policy 7 can find the true
hypothesis with E;[7] <t and Pe, <e. Policy  is said to achieve information
acquisition rate R > 0 with reliability (also known as error exponent) E >0
if

. ~EBty _
(17) tlgglo n log M. (t,27"")=R.

For a fixed number of hypotheses M, hence at information acquisition rate
R =0, policy 7 is said to achieve reliability £ > 0 if

.o —1
(18) tllglo TlogPeW(t,M) =F,

where Pe, (t, M) is the minimum probability of error that policy 7 can guar-
antee for M hypotheses with the constraint E,[7] <t.

The reliability function F(R) is defined as the maximum achievable error
exponent at information acquisition rate R.

Before we proceed with the upper and lower bounds on the maximum
achievable information acquisition rate and the optimal reliability function,
we refer the reader to Table 1 for the list of notation introduced in Section 4.
Also recall that D1(M) and Dy(M) denote, respectively, the harmonic mean

of {Dyu,(M)}icqry, and { Dy, (M)}ica-

COROLLARY 5.  For any given fixed M (rate R =0), no policy can achieve
reliability higher than Di (]\{) Also, no policy can achieve positive reliability
E >0 at rates higher than I .x. Furthermore,

(19) E(R) sﬁmax(l - _i) RE (0, Tonm).

Imax



20 M. NAGHSHVAR AND T. JAVIDI

REMARK 4. Corollary 5 establishes an upper bound, I ., on the maxi-
mum achievable information acquisition rate. As shown in the supplemental
article [44], Section 3.3, this result can be strengthened to show that no
policy can achieve diminishing error probability at rates higher than I ,.y.

COROLLARY 6. For fized M, hence at rate R =0, a policy m can achieve
the maximum reliability, that is, E = D1(M), if and only if it is asymptoti-
cally optimal (of order-1 or higher) in L. Furthermore, a policy m can achieve
a nonzero rate R > 0 with nonzero reliability E2 > 0 only if it is order optimal
m L and M.

Corollary 6 implies that for fixed M, hence at R =0, policies 7; and 7*
achieve the optimal error exponent, while policy 75 might or might not [de-
pending on condition (5)]. Furthermore, Corollary 6, in effect, underlines the
deficiency of characterizing the solution to Problems (P) in terms of L in
isolation from M, hence, Chernoff’s notion of asymptotic optimality (solely
in L). In particular, an order optimal policy can achieve nonzero rate and re-
liability simultaneously, an improvement over 71 (and all extensions of [17]).

COROLLARY 7. Policy o achieves rate R € [0, I,] with reliability E if

(20) E<Q2<1—£).

Figure 1 summarizes the results above. The upper bound on the reliability
function is shown in red. Policy 7; achieves the optimal reliability D; (M)
for fixed M (at R =0) with no provable guarantee for R > 0 (this point
is shown in green), while policy 75 ensures an exponentially decaying error
probability (the error exponent is shown in blue) for R € [0,1,).

Dinax —— Upper bound on E(R)

—— Lower bound on E(R)

, D1(M)

Reliability

o

12 1 max
Rate

Fic. 1.  Lower and upper bounds on the optimal reliability function E(R).
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REMARK 5. It can be shown that any optimal policy 7* for Problem (P)
also achieves any rate R € [0, 1,] with reliability E satisfying (20) for Prob-
lem (P').

The proofs of all the results in this section are provided in the supple-
mental article [44], Section 3, and are based on the fact that Problem (P)
can be viewed as a Lagrangian relaxation of Problem (P’). It is somewhat
intuitive that as L — oo the solution of Problem (P) is closely related to
that of Problem (P’) when & — 0. The following lemma makes this intuition
precise.

LEMMA 2. Let E[r}] denote the minimum expected number of samples
required to achieve Pe <e. We have

(21) E[7]= (1 =eL)(V*(p(0)) - 1),

where V*(p(0)) is the optimal solution to Problem (P) for prior belief p(0)
and penalty of wrong declaration L.

Given the above connection, Corollary 5 follows readily from the lower
bounds obtained in Proposition 1 and Theorem 2 (in particular, its Corol-
lary 3), and Corollaries 6 and 7 follow from the upper bounds given by
Proposition 2 and Theorem 3.

6. Examples. In this section we consider important special cases of the
active hypothesis testing to provide some intuition about the conditions
of Corollaries 2 and 4, and, in particular, establish the order-2 asymptotic
optimality of 79 for a fixed value of M and rate-reliability optimality of
policy 2.

6.1. Binary hypothesis testing. Consider Problem (P) for M = 2. In this
setting, policies 71 and 7y are equivalent and by Corollary 2, both policies
are asymptotically optimal of order-1 in L. Asymptotic optimality of order-2
of 71 and 79 is also verified from Corollary 2 since equality (5) holds trivially
for M = 2. Furthermore, we obtain

V(p) = py 28 L = loglp1/p2) logL —log(pa/p1) ()
maxaed,, D(4f¢5) maxae A, D(¢5lat)

The problem of reliability (error exponent) associated with passive bi-
nary hypothesis testing with fixed-length (nonsequential) as well as variable-
length (sequential) sample size has been studied by [10, 19, 25]. The gener-
alization to channel coding with feedback with two messages was addressed
in [4, 5, 46]. Recently, the authors in [26] and [50] have generalized this
problem for fixed-length and variable-length sample size, respectively, to the
active binary hypothesis testing in the non-Bayesian context, and identified
the error exponent corresponding to both error types. Our work provides
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nonasymptotic bounds as well as an asymptotic optimal solution in a total
cost and Bayesian sense, and is consistent with the findings in [50].

6.2. Noisy dynamic search. Consider the problem of sequentially search-
ing for a single target in M locations where the goal is to find the target
quickly and accurately. In each step, the player can inspect an allowable
combination of the locations, and the outcome of the inspection is noisy.
This problem is closely related to the problems of fault detection, whereabouts
search and group testing. In fault detection, the objective is to determine the
faulty component in a system known to have one failed component [15, 42].
In whereabouts search, the goal is to find an object which is hidden in one
of M boxes, where it is usually assumed that there is no false alarm, that
is, the outcome of inspecting box 7 is always 0 if no object is present, and is
a Bernoulli random variable with a known parameter otherwise [30, 56]. In
group testing, the goal is to locate the nonzero element!® of a vector in RM
with a possible noisy linear measurement of the vector [16, 52]. One possible
search strategy for these problems is the maximum likelihood policy. In the
case of fault detection/whereabouts search, this policy is equivalent to one
that inspects a segment with the highest probability of having the faulty
component /hidden object, while in the case of group testing, it is equivalent
to measuring the most likely nonzero element of the vector. However, as the
number of segments or the dimension of vectors, M, increases, the scheme
becomes impractical. In such a case, it is more intuitive to initially follow
a noisy binary search [14, 29, 48] and narrow down the search to single
segments only after we have collected sufficient information supporting the
presence of the target in those segments [51, 55].

In this section, we first consider the problem of a noisy dynamic search
with size-dependent Bernoulli noise whose special cases have been indepen-
dently studied in [14, 16, 29, 30, 42, 48, 52, 56].!1 Remark 6 at the end of
this section discusses a generalization for the symmetric noise model of [15].

Let a C Q37 be a subset of locations that can be simultaneously inspected,
referred to as the inspection region hereafter, and let Ay = 2™ be the
collection of all allowable inspection regions. We assume that the outcome
of an inspection depends on the size of the inspection region. More precisely,
the outcome of inspecting region a, where |a| = n, is a random variable with
Bernoulli distribution:

o [ B(1l—=pp), ificaand |a|=n
& _{B(pn), ifi¢aand |al=n

where p; > 0 and for all n, p, <p,11 and p, < p for some p < 0.5.

Vi€ O, Va € Ay,

Group testing with d > 1 nonzero elements is also a special case of active hypothesis
testing with (%) hypotheses (possible configurations).

1Of course in this paper we are interested in a sequential setting where the sample
size is not fixed a priori and is determined by the observation outcomes.
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LeEMMA 3. Consider the problem of a noisy dynamic search with size-
dependent Bernoulli noise explained above. We have

22 i D(q?lq?) = Dy, (M) = (1 — 2py)] VieQ

(22)  min max D(g7|q7) = Dy, (M) = (1= 2p1)log — i€ Qu,
— 1—

(23) Dy = Dyax=(1—2p1)log plpl,

(24) 0<1 _SupH([pnal _pn]) SlQ STmax S 1-— H([phl _pl])-
n

The proof is provided in the supplemental article [44], Section 4.

Lemma 3, together with Corollaries 2 and 4, implies that 7o attains
asymptotic optimality of order-2 in L, and order optimality in L and M.
Furthermore, for the special case of size-independent Bernoulli noise where
0<pi1=p2=---=p<0.5, policy 7y attains asymptotic optimality of order-
1in L and M.

The active hypothesis testing scheme proposed by Chernoff [17] as well
as its variants [8, 11|, when specialized to a noisy dynamic search with
size-independent Bernoulli noise, simplifies to one that inspects, at each
instant, a location with the highest probability of having the target. This
scheme, which was also studied in [15] in a finite horizon context, has an
information acquisition rate that is restricted to zero, while at zero rate,
it achieves asymptotic optimality and maximum error exponent Dy =
(1—2p)log %. In contrast, in [14, 29], a noisy binary search was proposed in
which the locations are partitioned along the median of the posterior and, in
effect, are inspected along a generalized binary tree. It was shown in [14, 29]
that the proposed policy can achieve any rate R < 1— H([p,1 — p|) with
reliability F(R) =1— H([p,1 —p|]) — R. In other words, the proposed policy
in [14, 29] is asymptotically optimal in M (since 1 — H([p,1 — p]) = Inax)
but only order optimal in L (since 0 < 1— H([p,1 —p]) < (1 — 2p)log 1%1’ =
Emax). Lemma 3 shows that, in the case of size-independent Bernoulli noise,
our proposed policy 7o combines the best of the above two approaches:
in its first phase, by randomly selecting actions from Aj;, it ensures the
maximum acquisition rate obtained by the noisy binary search of [14, 29],
while its second phase coincides with the schemes in [8, 11, 17], ensuring the
maximum feasible error exponent.

REMARK 6. Lemma 3 can be extended beyond the Bernoulli noise model
so long as the observation kernels

q?(-):{f”(')’ ifi€aand |a]=n

f, Vie Qp,V
f”()a if’i%aand |a‘:n (ASRYIV aeAM,
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satisfy the following conditions:
(25)  fu(2) = fu(b—2) Vz € Z for some b € R,

(26) D(anafn + @fn) > D(fn+1||afn+1 + @fn+1) Vo € [0, 1],0_5 =1—-a,
(27) sup sug fn(2)/ fu(2) < .

n o ze
In particular, under these conditions

(28)  min max D(llg?) = Do, (M) = D(Filf1) Vi,
j#i a€App

(29) QQZEmax:D(flnfl)a
@) it D( 3+ 352) <L <Tame<D( 35+ 34

Condition (25) implies that given a fixed inspection area, the collected
samples provide identical information regarding the presence of the target or
its absence. Condition (26) implies that the samples become less informative
as the size of the inspection region increases. Conditions (25) and (26) are
natural, while condition (27) is a technical one to ensure that Assumptions 2
and 3 hold (we address weakening these assumptions in Section 7).

7. Discussions. In this section we provide a discussion on the technical
assumptions of the paper. In particular, we discuss the necessity of our
Assumptions 1 and 2, and compare them with the common assumptions in
the literature. In contrast to Assumption 1 which is shown to be necessary
for the problem of active hypothesis testing to have a meaningful solution,
Assumption 2 can be relaxed to more general assumptions without affecting
the asymptotic results of the paper.

7.1. Assumption 1. We first discuss the necessity of Assumption 1. If
Assumption 1 does not hold, then there exist two hypotheses i, € Qpr, i # j
such that for all a € Ay, D(qf[lqf) = 0. In other words, ¢{(-) = ¢j(-) for all
a € Ay, and, hence, the decision maker is not capable of distinguishing these
two hypotheses. In this sense, Assumption 1 is necessary for Problem (P) to
be meaningful.

Next we compare Assumption 1 to its counterpart in [17]:

AssumPTION 1. D(gf|lqf) >0, Vi, j € Qur, i # j, YVa € Ay

This assumption assures consistency (see Lemma 1 in [17]), that is,
arg max;eq,, pi(t) converges exponentially fast to the true hypothesis regard-
less of the way the sensing actions are selected. However, this assumption
is very restrictive and does not hold in many problems of interest such as
channel coding with feedback [12] and noisy dynamic search (e.g., one can-
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not discriminate between locations 1 and 2 by inspecting location 3). It was
remarked in [17], Section 7, that the above restrictive assumption can be
relaxed if the proposed scheme is modified to take a (possibly randomized)
action capable of discriminating between all hypotheses pairs infinitely of-
ten (e.g., at any time ¢ when ¢ is a perfect square). In this paper, however,
we took a different approach and constructed policy 71, a simple two-phase
modification of Chernoff’s original scheme in which testing for the maximum
likely hypothesis is delayed and contingent on obtaining a certain level of
confidence.

7.2. Assumption 2. We first discuss the necessity of Assumption 2. For
observation kernels with bounded support, Assumption 2 is a necessary con-
dition to ensure that the observation kernels are absolutely continuous with
respect to each other and, hence, no observation is noise free. Although this
assumption might hold in many settings such as the problem of a noisy dy-
namic search with Bernoulli noise explained in Section 6.2, it does not hold
in general for observation kernels with unbounded support such as Gaussian
distribution. Next we replace Assumption 2 by more general assumptions
on the observation kernels and discuss the consequences.

To the best of our knowledge, Assumption 2’ below, given first by [17], is
the weakest condition in the literature of hypothesis testing and sequential
analysis, and is often interpreted to an assumption which limits the ezcess
over the boundary at the stopping time [38].

AsSUMPTION 2/,  There exists £); < oo such that

2

g5 (2)
max max Iz L dz < &y,
i,jeQMaeAM/zq’( ) q;-’(Z)‘ = v

Proposition 1 remains valid even if Assumption 2 is replaced with Assump-
tion 2/ (with the only change that &2, is replaced with £y in the bound). The
proof of Proposition 2 relies on Chernoff’s approach [17], and the asymp-
totic behavior of the bound remains intact if Assumption 2 is replaced with
Assumption 2’. However, as shown in the proof of this proposition in the
supplemental article [44], Section 5, Assumption 2 allows us to give a pre-
cise nonasymptotic characterization of the bound by applying the method of
bounded differences and, in particular, McDiarmid’s inequality [41].

Next we consider the consequence of weakening Assumption 2 on Theo-
rems 2 and 3, hence on the performance of policy 2. To do so, we consider
an even weaker assumption than Assumption 2’ as given below:

log

AssuMPTION 2”.  There exist £y; < oo and v > 0 such that

1+
g5 (2)
max max Iz L dz < €.
i,jGQMCLGAM\/qu( ) q}l(z) _gM

log
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Define function ¥ys : Ry — R4 as follows:

qq(Z)}

b) := max max 2 (2) |log dz,

vu(0) = maxe max [ 42(2) o 23,

where [g], = g1{4~p). Note that 1p(b) is in general nonincreasing in b, and
if Assumption 2” holds, ¥y (b) < b 7&ys. Under the weaker Assumption 2"
(and naturally Assumption 2'), Theorems 2 and 3 can be replaced by the
following:

PROPOSITION 3. Under Assumptions 1 and 2’ and for L > 71“;2%(?1{/1)7

pEPL(QM), o€ (0,0.5], and b >0,

* = 1
Vip) 2 Vs(p) =1 U1 () Dinax (M)
H(p) ~ H(51~ 8]) — $log(M — 1)
ImaX(M)
4 Jog((1 = L™1)/L) ~10g((1 — 8)/6) = b
Dinax (M)

+
/
X Lmaxieq,, p<i—0} — K3

where K% is a positive constant independent of 6 and L. In addition, if
Assumption 3 also holds, then K% can be selected independent of M as well.

The proof is provided in the supplemental article [44], Section 8.1.

PROPOSITION 4. Under Assumptions 1 and 2’, and for L >1 and p €
b
Pr(Qy), 3V € (0,00) such that for allb> b, 0 < L1822 W) g

I (M)—ns ()
V*(p) < Vs(p)

- (1- Lot
' I(M) — ¢ (b)

H(p)+log(p/(1—p))+b+loge M 4 log L
: ( (M) = s (b) Zp Dy, (M) = W(b))

+ 1.

The proof is provided in the supplemental article [44], Section 8.2.

As we discussed, 1y (b) < b 7¢y under Assumption 2”. Furthermore, if
Assumption 3 holds, then sup,, ¥ (b) < b~ 7€. In other words, we can select
b as a function of L and M (e.g., b=loglog LM) such that V3 and V'3 have

the same dominating terms (in L and M) as V and Vs, respectively.



ACTIVE SEQUENTIAL HYPOTHESIS TESTING 27

In summary, the asymptotic results of the paper presented in Section 5
hold under the weaker Assumptions 2’ and 2” replacing Assumption 2 (with
the only exception that the asymptotic optimality of order-2 of policy 79
established in Corollary 2 is degraded to asymptotic optimality of order-1).
Our choice to present the work under Assumption 2, however, significantly
simplifies the presentation and also enables a precise nonasymptotic charac-
terization of the lower and upper bounds.

8. Conclusions and future work. In this paper we considered the problem
of active sequential M-ary hypothesis testing. Using a DP formulation, we
characterized the optimal value function V*. Three lower bounds (comple-
mentary for various values of the parameters of the problem) were obtained
for the optimal value function V*. We also proposed two heuristic policies
whose performance analysis resulted in two upper bounds for V*. Subse-
quently, we discussed important consequences of the bounds and established
order and asymptotic optimality of the proposed policies under different sce-
narios. An important problem which remains is further improvement of the
performance bounds.

In this paper we focused on sequential policies, that is, policies whose
sample size is not known initially and is dependent on the observation out-
comes. There exist other types of policies in the literature. For example,
nonsequential policies take a fixed number of samples (independent of ob-
servation outcomes) and make the final decision afterward, while multi-stage
policies (introduced in [3, 40]) can take a retire-declare action only at the
end of each stage, and stages are not necessarily of the same size. Comparing
the performance of sequential, nonsequential and multi-stage policies in the
context of active hypothesis testing is an area of future work.

In this paper we assumed that all sensing actions incur one unit of cost
(each action can be executed in one unit of time). It is also of interest
to consider the scenario where there is a cost associated with each action
which, for example, characterizes the amount of energy or time required to
perform that action; and the goal is to find the true hypothesis subject to
a cost criterion. Such generalization has been studied for the problem of
variable-length coding with feedback in [45].

APPENDIX: PROOF OF THEOREMS 1-3
A.1. Proof of Theorem 1. Let I' be the set of all mappings v:Qy — Qs
such that (i) # i for i € Qps. Now associated with any v € I, define

+
- K]
1

Vi'(p) = imlog((l — LO/LT) ~loa(pi/ pyo)

(31) __
_ i—1 maXge A, D(Q?Hqg(l))
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Next we use Lemma 1 to show that V* > V7 for all v € I'. In partic-
ular, we show that for all v € I" and all p € P(Qy), Vi7(p) < min{l +
minge4,, (T*V17)(p), minjecq,, (1 — pj)L}. For any p such that V17(p) =0,
the inequality holds trivially. For V17 (p) > 0 and for any action a € Ay, we
have

(T*Vi7)(p)
log (1=L7Y/L7Y) —log(pigf(2)/ (p(y a2y (2)))
>Z/p’q’ maxaea,, D(af 145 ;) B
_Kl
M D(qilla5;))
ZZ maXae Ay (quqg(i))
>Vi’(p) -1

Cram 1 (In Section 9.1 of the supplemental article [44]). Constant K]
can be selected independent of L such that Vi7(p) < minjeq,, (1 — pj)L is
satisfied for all v €T.

Using Claim 1 and letting V;(-) = maxer V17 (-), we have the assertion of
the theorem.

A.2. Proof of Theorem 2. We first show that for all p € P(Qy),

- V() > [H(P) — H([o(L, M), 1 _Ii(iéjj\\j))]) —a(L,M)log(M —1)
+a(L, M)L} B

Note that the right-hand side of (32) can be written as

(33) G(p):= [% + oz(L,M)L] +,

where

(34) - [aﬁ’_]\?,...,aﬁ’_]\?,l—a(L,M)]

Next we show that G(p) < min{l 4+ min,c4,, (T*G)(p), minjcq,, (1 — p;)L}
for all p € P(Qys). For any p such that G(p) =0, the inequality holds triv-
ially. For G(p) > 0 and for any action a € Ays, we have

| H(®"(p,2))q3(=) d= — H(v)

(TaG)( ) Imax(M)

a(L, M)L



ACTIVE SEQUENTIAL HYPOTHESIS TESTING 29

_H(p) —1(pigp) —H(V)

3 ImaX(M) a(LjM)L
%) I(p;q5)

=G(p) - T M)

>G(p) —

where the last inequality follows from the fact that

I(p:q%) < I T (M).
(P dp) mnaxmax (143) = Imax (M)

Therefore,

G(p) <1+ min (TG)(p).

a€Apn

What remains is to show that G(p) < minjeq,, (1 — p;)L. Rewriting G as

Glp) = | Zimt pilos(1/pi) + (1= Tz, " p) log(1/(1 = T2y ") ~ H(w)
Imax(M)
+
—l—a(L,M)L} ,
we can compute the gradient at v. For all i =1,2,..., M — 1,
0G 1
apZ (V) = <10g E - 10g€ — log W + 10g 6) /Imax ) .

(i) 00, = (s i ) 80 -

Furthermore, G(v) = (L, M)L = (1 —vpr) L. Without loss of generality and
since both functions G(p) and minjcq,, (1 — p;)L are symmetric, let us fo-
cus on Py () :={p € P(Qu): pM > pi, Vi€ Qy —{M}}. In this case,
minjco,,(1—p;)L=01—-pm)L=> ;" Il piL and, hence, minjcq,, (1 —p;)L
is the tangent hyperplane to G(p) at v. This along with concavity of function
G implies G(p) < minjecq,, (1 —p;)L. Using Lemma 1, we have the assertion
of the theorem.
Next we need to show that

V*(p) > Valp) = H(p)— H([0,1—0]) —dlog(M —1)

ImaX(M)
log((1—L~Y)/L™") —log((1—4)/é) —
(36) + Do (M)

Jr
'
X 1{maXieQM pi<1-=6} — K,
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We show this in two steps. First we consider the following function:
+

M
log((1 — L™)/L™") —log(pi/(1 — pi))
/ = 7 - K,
(37) J'(p) ;p Do (1) )
We use Jensen’s inequality to show that

(38) J'(p) <1+ min (T*J)(p) Vo €P(Qu).

For any p such that J'(p) = 0, inequality (38) holds trivially. For any p such
that J'(p) >0 and for any a € Ay, we have

(TJ") (p >
log (1= L7Y/L™") —log(piaf(2)/ 525 3 (2))
> Z / pidi (2 Do (M) 2 dz
— K2
- M [ qf(2)log(g( >/zﬁéz< i/ (1= pi)gd(2)) dz
—J(p)—; Do D
/ ] i p]/(l Pz))D((I?H(I?)
=P sz = Danae(M)
ZJ’(p)—l-

Next we define J(p) = max{.J'(p),J"(p)}, where J”(p) is the right-hand
side of (36), that is,

J"(p) = [H(P) — H([,1—6]) —dlog(M — 1)

Imax(M)
log((1—L~Y)/L™") —log((1—4)/d) —
(39) + Do (M)

+
/
X Limaxicq,, pi<i—8} — K2

e Case 1: For all p such that J(p) =0 or J(p)=J'(p), it is trivial from
(38) that
(40) J(p)=J'(p) <1+ min (T*J')(p) <1+ min (T*J)(p).

ac Ay ac Ay

e Case 2: For all p such that J(p) = J"(p) > 0, and for any action a € Ay,
we have

(TJ)(p) = / J(@%(p, 2))q(2) d=
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(;) [ H(®%(p,2))q5(2)dz — H([6,1 — ]) — dlog(M — 1)

B Imax(M)

L Tom((1 — 11)/LY) ~ los(1 = 3)/5) ~ &
Dmax(M)

(41) X 1{maxi€QM pi<l=6} — Ké
1(p;qp)

Imax(M)

> J"(p) -1

(b)

where (a) follows from Claim 2 below and (b) holds since p is such that
J(p) =" (p).

= J"(p) -

CLAIM 2 (In Section 9.2 of the supplemental article [44]). Let p be such
that J(p) = J"(p) > 0. If Assumption 2 holds, then for all actions a € Ay
and observations z € Z,
$%(p,2)) — H(5,1— 5)) — Slog(M — 1)

Imax(M)
log((1—L~1)/L™1) —log((1 — -
) | Joa((1— L71)/L71) ~log((1 — 9)/0)
Dinax (M)

J(@%(p,2)) > L

!/
X 1{maXiEQM pi<l—o} — K.

Combining (40) and (41), we have that
(43) J(p) <14 min (T*J)(p).
a€Apr

We also have the following:

CrAamM 3 (In Section 9.3 of the supplemental article [44]). For L >
T (M) 7 constant K can be selected independent of 6 and L such that

J(p) < minjeq,, (1 — pj)L. Furthermore, if supy; {m < 00, then K5 can be
selected independent of M as well.

Lemma 1, together with (43) and Claim 3, implies that V* > J =
max{J’, J"} > J" = V5. This is a slightly stronger result than (36).

A.3. Proof of Theorem 3. Recall that p;(n) denotes the posterior belief
about hypothesis H; after n observations. Let 7, 7, ¢ € Qas, be Markov
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stopping times defined as follows:

(44) T = min{n: max pj(n)>1-— Lfl},
JEQM
(45) 7 :=min{n:p;(n) >1— L'}

From (1), the expected total cost under policy 72 is upper bounded as
Vas(p) = Es, |7+ min (1 p;(7))L|
JEQN

(46) <Ez, [T] +1
M
<Y piBa,[ml0 =1+ 1,
i=1

where p = [p1,p2,...,pm] = [p1(0),p2(0),...,parr(0)] and the last inequality
follows from the fact that 7 <7;, Vi € Qjr. For notational simplicity, sub-
script 79 is dropped for the rest of the proof.

Next we find an upper bound for E[r;|0 =], i € Qps. Let

piln) .
1= pi(n) 1—p
and let F,, denote the history of previous actions and observations up to time
n, that is, F, := a{p(0), A(0), Z(0),...,A(n—1),Z(n—1)}. Under policy 79,
the sequence {U,}, n=0,1,..., forms a submartingale with respect to the
filtration {F,} with the following properties:

(C1) If Up, <0 and pj(n) < p for all j € Qpr (= P(A(n) =a) =1n0,):
E[Upy1 — Un|Fn, 0 =1
= > P(A(n) =a)E[Up11 — Up|Fn,0 =i, A(n) =a

(47) U, :=log

acAnr
= Z UOaE[UnJrl - Un|fn7‘9 = Z7A(n) = CL]
a€Anr
, a .
= Z NooE [log pin)g; (Za) — log 7/)1(71) Fn,0= z]
aEAns >i#iPi(n)4j(Z) 1—pi(n)

B (o g (2)
= 3 ma ot 8 S ) (L= o )

a€Apn
Pi_
S 25)

i

dz

> max min  min g Ao D <qf
AEP(Apr) 1€Qn pEPL ()
a€Ans

— Iy, (M).
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If U, <0 and pg(n) > p for some k #i (= P(A(n) =a) =nqy):
E[Up41 — U, |fn,0 =]

= Z Niall Unv1— Un|fn70 = Z7A(n) = CL]
a€Ap

- o ¢;(2) i
_agﬁl:]\[ nka/ o > j2i(pi(n) /(1= pi(n)))gj(2) I

p] a>

Z mmn ?i?ﬁ%igﬁa;% Tha (q’ 1
=1Ip ;(M);
(C2) It Uy, >0 (pi(n) > = P(A(n) = a) =1ia):
E[Ups1 — Uy, |]-'n, 0 =i
Z NialB[Un+1 — Un|Fn,0 =i, A(n) = a
a€Anr

o 4 (2) s
Z”’a/ G )loe S~ - )

a€Anr
p] a)

>  max min Z Ao D <qZ
(Cg) ‘Un - Un—l‘ S maxi,jEQ]w ma‘XaeAA{ SUPzez log 3352 S £M

AEP(Apr) PEPL ()
J#Z

:Dm(M)§

Stopping time 7; defined in (45) can be rewritten as
7 =min{n:p;(n) >1—- L'}

-l 2 )

pi(n) _
L=pi(n) 1=p Lt

1-L D
:min{n:Unzlog f —log1 p ~}
P

<min{n:U, >log L}.

(48) = min{n :log

The assertion of the theorem follows from (48) and the following lemma.

33
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LEMMA 4. Consider the sequence {U,}, n=0,1,... defined in (47), and
assume there exist positive constants K1 < Ko < K3 such that

E[Upir|Fn,0=i] > Uy + Ky if Up <0,
E[Un+1|Fn,0 =1 > Uy, + Ko if Up >0,
|Un+1 — Un| < Ks.
Consider the stopping time v=min{n:U, > B}, B > [Uy]". Then we have

<B—U0 1 1>+K3—|—10ge'

+ U01{U0<0}<

The proof of Lemma 4 is provided in the supplemental article [44], Sec-
tion 6.

In particular, from (C1)—(C3) and Lemma 4, we have
piE[T;|0 = 1]

log L — [log(pi/(1 — pi)) —log(p/(1 — p))]I*
< m( D,,. (M)
[log((1 — pi)/pi) +log(p/(1 = p))] " +Em + 10g€>
I (M)

logL log(1/pi) +1og(p/(1 — p)) +&um +1loge
D, (M) " (M) '

+

< pi

This inequality together with (46) and the fact that Zf‘i 1 pilog % = H(p)
implies the assertion of the theorem:

V*(p) < Vi, (p)
(49)

~ ~ M
H(p) +1 1-p) +&um +1 log L
< Hp) +log(p/(1 —p) +&u +loge | &~ logL

- IQ(M) i=1 ZDTIZ(M)
REMARK 7. For large values of H(p) and p and when I, (M) > I, 5(M),

the upper bound (49) can be tightened as follows (see Section 7 in [44] for
the proof):

H(p) +log(p/(1 = 7)) +€m | ~n  logL

)= I (1) Dy (V)

i=1

(I—p)logM + (2—p)éa +4+loge
_I_
In,ﬁ(M)

(50)

+ 1.
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SUPPLEMENTARY MATERIAL

Technical proofs (DOI: 10.1214/13-A0S1144SUPP; .pdf). For the interest
of space, we only provided the proofs of the theorems in this paper. Proofs
of the propositions, lemmas, corollaries and technical claims are provided in
the supplemental article.
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